Abstract. We give three sufficient criteria for two quasitoric manifolds M, M ′ to be (weakly) equivariantly homeomorphic. We apply these criteria to count the weakly equivariant homeomorphism types of quasitoric manifolds with a given cohomology ring.
Introduction
In topology one studies invariants of topological spaces. Examples of such invariants are the cohomology ring of a space or the bordism type of a manifold. If two spaces have different invariants one knows that these spaces are not homeomorphic. There is also the inverse problem: Are two spaces having the same invariants homeomorphic?
In this note we study certain invariants of so called quasitoric manifolds and give a positive answer to the above question for these invariants.
Quasitoric manifolds were introduced by Davis and Januszkiewicz [5] . A quasitoric manifold is a 2n-dimensional manifold on which an n-dimensional torus acts such that the orbit space is a simple polytope.
We give three sufficient criteria for two quasitoric manifolds M, M ′ to be (weakly) equivariantly homeomorphic. The first criterion gives a condition on the cohomology of M and M ′ (see section 2). We apply this criterion to count the weakly equivariant homeomorphism types of quasitoric manifolds with the same cohomology ring as CP n #CP n , CP n #CP n with n > 2. Moreover, we show that a quasitoric manifold with the same cohomology as l i=1 CP ni , n i > 1 for all i, is weakly equivariantly homeomorphic to l i=1 CP ni . The stable tangent bundle of a quasitoric manifold M splits as a sum of complex line bundles. This induces a BT m -structure on the stable tangent bundle of M . We show in section 3 that two BT m -bordant quasitoric manifolds are weakly equivariantly homeomorphic.
In section 4 we show that two quasitoric manifolds having the same GKM-graphs are equivariantly homeomorphic.
In this paper we take all cohomology groups with coefficients in Z.
The results presented in this note form part of the outcome of my Ph.D. thesis [12] written under the supervision of Prof. Anand Dessai at the University of Fribourg. I would like to thank Anand Dessai for helpful discussions. I would also like to thank Nigel Ray for comments on an earlier version of this paper.
Isomorphisms of cohomology rings
At first we introduce some notations concerning quasitoric manifolds and their characteristic functions. We follow [8] for this description. A quasitoric manifold is a 2n-dimensional manifold with a locally standard action of an n-dimensional torus T such that the orbit space M/T is face preserving homeomorphic to an n-dimensional simple polytope P . We denote the orbit map by π : M → P . Furthermore we denote the set of facets of P by F = {F 1 , . . . , F m }. The characteristic submanifolds
. . , m, of M are the preimages of the facets of P . Each M i is fixed pointwise by a one-dimensional subtorus λ(
Recall that two simple polytopes are called combinatorially equivalent if there is an inclusion preserving bijection between their face lattices. It is said that two simple polytopes have the same combinatorial type if they are combinatorially equivalent.
The following lemma was proved by Davis and Januszkiewicz [5, p. 424]:
Lemma 2.1. A quasitoric manifold M with P = M/T is determined up to equivariant homeomorphism by the combinatorial type of P and the function λ.
Let N be the integer lattice of one-parameter circle subgroups in T , so we have N ∼ = Z n . We denote byλ : F → N the characteristic function of M . Then, for a given facet F i of P ,λ(F i ) is a primitive vector that spans λ(F i ). The vectorλ(F i ) is determined up to sign by this condition.
An omniorientation of M is a choice of orientations for each M i and M . It helps to eliminate the indeterminateness in the definition of a characteristic function. This is done as follows: An omniorientation of M determines orientations for all normal bundles of the characteristic submanifolds of M . The action of a oneparameter circle subgroup of T also determines orientations for these bundles. We choose the primitive vectorsλ(F i ) in such a way that the two orientations on
A characteristic function satisfies the following non-singularity condition. For pairwise distinct facets F j1 , . . . , F jn of P ,
forms a basis of N whenever the intersection
is non-empty. After reordering the facets we may assume that
Thereforeλ(F 1 ), . . . ,λ(F n ) is a basis of N . This allows us to identify N with Z n . This identification induces an identification of the torus T with the standard n-dimensional torus R n /Z n . With this identifications understood, we may writeλ as an integer matrix of the form
With this notation λ(F i ), i = 1, . . . , m is given by (1) ∀I ⊂ {1, . . . , m} i∈I u i = 0 ⇔ i∈I
′ are weakly T -equivariantly homeomorphic if there is an automorphism θ : T → T and a homeomorphism f : M → M ′ such that for all x ∈ M and t ∈ T :
f (tx) = θ(t)f (x). Because the identification of T with R n /Z n depends on a choice of a basis in N a quasitoric manifold M is determined by the combinatorial type of P and the characteristic matrix Λ only up to weakly equivariant homeomorphism. Now we are in the position to prove our first theorem. 
For I ⊂ {1, . . . , m}, we have i∈I
Here F i , F ′ i denote the facets of M/T and M ′ /T , respectively. Therefore M/T and M ′ /T are combinatorially equivalent. Now we show that the characteristic matrices of M and M ′ are equal. We may assume that
. If we write the characteristic matrices Λ, Λ ′ for M, M ′ in the form (2.1) then we have
It follows that λ ′ i,j = λ i,j , i = 1, . . . , n, j = n+1, . . . , m. Therefore the characteristic matrices are the same. Corollary 2.4. Let α(n),ᾱ(n) be the number of quasitoric manifolds up to weakly equivariant homeomorphism which have the same cohomology ring as CP n #CP n or CP n #CP n , respectively. If n ≥ 3, we have
Proof. Let M be a quasitoric manifold with
be the Poincaré-duals of the other characteristic submanifolds of M . Let α 1 , . . . , α n+2 ∈ Z and β 1 , . . . , β n+2 ∈ Z such that
and n ≥ 3, we may assume that α 2 = β 1 = 0. Because
for i ∈ {1, 2} and j k ∈ {3, . . . , n + 2}, j k1 = j k2 for k 1 = k 2 , we see that |α j | = |β j | = 1 for j ≥ 3 and α 1 = ±1, β 2 = ±1.
After changing the orientations of the characteristic submanifolds of M we may assume that
Let k M = #{j ∈ {3, . . . , n + 2}; β j = −1}. Then we have
By Theorem 2.2 and Remark 2.3, M and M ′ are weakly T -equivariantly homeomorphic if and only if there is an automorphism f of H * (CP n #CP n ) and a permutation σ : {1, . . . , n + 2} → {1, . . . , n + 2} such that f (u i ) = ±u
we may take f to be the identity and σ a suitable permutation to see that M and M ′ are weakly equivariantly homeomorphic. Now assume that M, M ′ are weakly T -equivariantly homeomorphic. We first discuss the case where n is odd. Then the automorphism group of H * (CP n #CP n ) is generated by two automorphisms f 1 , f 2 with
Now we turn to the case where n is even. Then the automorphism group of H * (CP n #CP n ) is generated by two automorphisms f 1 , f 2 with
It follows from our claim that
The only thing which remains to be proven is that for each 0 ≤ k ≤ n with k odd there is a quasitoric manifold M with k M = k and H * (M ) = H * (CP n #CP n ). As we constructed a characteristic function for a quasitoric manifold, we may also construct a quasitoric manifold from a polytope P and a functionλ : F → N ∼ = Z n satisfying a non-singularity condition [5, p. 423] .
Let M be the quasitoric manifold over [0, 1] × ∆ n defined by the characteristic functionλ
where k entries ofλ({1} × ∆ n ) are equal to −1, the F i are the facets of ∆ n and the ith entry ofλ([0, 1] × F i ) is equal to −1.
Then we have
The case where H * (M ) = H * (CP n #CP n ) is similar. The only difference in this case is that 0 ≤ k M ≤ n is even in this case. We omit the details.
Corollary 2.5. Let M be a quasitoric manifold with the same cohomology as
Proof. We have
with deg x i = 2. By Theorem 5.3 of [4, p. 353], we know that the orbit polytope of M is a product l i=1 ∆ ni of simplices. For i = 1, . . . , l, j = 1, . . . , n i + 1, let u ij ∈ H 2 (M ) be the Poincaré-dual of the characteristic submanifold
where
By replacing those x k by 0 in (2.2) for which n k < n i , we get
Because the f ik in this equation are integers, it follows that α ijk = 0 whenever n k > n i . Now assume that there are k 1 , k 2 ∈ {1, . . . , l}, k 1 = k 2 such that f ik1 = 0 = f ik2 and n k1 = n k2 = n i . Then by replacing x k , for k = k 1 , k 2 , by 0 and x k2 by 1 in (2.2) we get
But because n k > 1, not all roots of the polynomial on the right hand side of this equation are rational. This is a contradiction. Therefore for each i ∈ {1, . . . , l} there is a unique σ(i) ∈ {1, . . . , l} such that n i = n σ(i) and f ik = 0 if k = σ(i) and n k ≥ n i .
Because Z[x 1 , . . . , x l ] is a factorial ring, we see by equation (2.3) that α ijk = 0, for all j, if k = σ(i) and n k ≥ n i . Because each tuple (u 1j1 , . . . , u lj l ) forms a basis of H 2 (M ), we see that σ is bijective and α ijσ(i) = ±1. After changing the omniorientation of M , we may assume that all α ijσ(i) = 1. Let k 1 ∈ {1, . . . , l} such that n k1 < n i . Then by replacing those x k by 0 for which
Because n k1 > 1, we get by comparing coefficients that
we see that α ijk1 = 0 for all j. Therefore we have u ij = x σ(i) . Hence, the statement follows from Theorem 2.2.
Remark 2.6. It follows from results of [4] and [3] that a quasitoric manifold with the same cohomology as a product of complex projective spaces is homeomorphic to a product of complex projective spaces.
The assumption in Corollary 2.5 that n i > 1 is necessary because there are infinitely many non-equivalent torus actions on CP 1 × CP 1 [9] .
Bordism
To state our second theorem we first fix some notation. Let M be a omnioriented quasitoric manifold. By [5, p. 446] and [2, p. 71] there is an isomorphism of real vector bundles
where the L i are complex line bundles with
This isomorphism corresponds to a reduction of structure group in the stable tangent bundle of M from O(2m) to T m . Let g : M → BO(2m) be a classifying map for the stable tangent bundle of M . Furthermore let f i : M → BT 1 be the classifying map of the line bundle L i . Then the following diagram commutes up to homotopy:
where p m is the natural fibration [7, p. 77 ]. We may replace f i by a homotopic map f which makes the above diagram commutative. By f there is given a (BT m , p m )-structure on the stable tangent bundle of M [11, p. 14]. We denote by Ω n (BT ∞ , p) the bordism groups of the sequence
. Then M and M ′ are weakly T -equivariantly homeomorphic.
Proof. We use the following notation. Let
. . , L m as above and
Then be have
Without loss of generality we may assume that m ′ ≥ m. Because bordant manifolds have the same characteristic numbers, for all i 1 , . . . , i n ∈ {1, . . . , m ′ } we get
If the i j are pairwise distinct then we have by (3.1)
Since this holds analogously for M ′ we get
By (3.3) P and P ′ are combinatorially equivalent. An equivalence is given by
m}).
Without loss of generality we may assume that
Therefore there is an isomorphism
We claim that the following diagram commutes.
. Then for i > n we have
Therefore the diagram commutes. Now we have for i = 1, . . . , n and x ∈ H 2n−2 (BT ∞ ):
As in the proof of Theorem 2.2 one sees that the characteristic matrices for M and M ′ are equal. Therefore M and M ′ are weakly equivariantly homeomorphic.
The map p m : BT m → BO(2m) factors through BU (m). Therefore an omniorientation of a quasitoric manifold M induces a stable almost complex structure on M .
If, moreover, M = CP 2 #CP 2 we may choose this stable almost complex structure in such a way that c 2 (M ), [M ] = 2. 
Proof. Because M is bordant to CP 2 #CP 2 , it has signature two. Therefore we have b 2 (M ) ≥ 2. This implies that χ(M ) = 4 and that the intersection form of M is positive definite. Hence, the orbit polytope P of M is a square. Denote by F 1 , . . . , F 4 the facets of P such that F i ∩ F j = ∅ if and only if i − j ≡ 0 mod 2 and i = j. Let u i ∈ H 2 (M ), i = 1, . . . , 4 be the Poincaré-duals, of π −1 (F i ). Then we have
. . , 4. Therefore we must have up to ordering
Assume that there are i, j ∈ {1, . . . , 4} such that i − j ≡ 1 mod 2 and
Then u i , u j form a basis of H 2 (M ). In particular, for k ∈ {1, . . . , 4} − {i, j}, there are α, β ∈ Z such that u k = αu i + βu j . It follows that
This is a contradiction, because there is a k with u Therefore it follows that M and CP 2 #CP 2 have, after reordering the facets of P , the same BT ∞ -characteristic numbers. Because these numbers are the only bordism invariants which are used in the proof of Theorem 3.1, it follows that M is weakly T -equivariantly homeomorphic to CP 2 #CP 2 .
Remark 3.3. Corollary 3.2 also follows from the classification given in [10] and the results of [9] .
GKM-Graphs
Now we introduce the notion of a GKM-graph of a quasitoric manifold following [6] .
Let M 2n be a quasitoric manifold and (1)ē i is an equivariantly embedded copy of CP 1 . (2)ē i − e i consists of two points out of V . (3) for p ∈ V we have #{e i ; p ∈ē i } = n. Therefore V and E are the vertices and edges of a graph Γ M . We get a labeling of the edges of Γ M by elements of the weight lattice of T as follows: Let p, q ∈ V ∩ē i then the weights α p , α q of T pēi , T qēi coincide up to sign and we define α : e i → α p . Then α is determined up to sign and is called the axial function on Γ M .
We call Γ M together with the axial function α the GKM-graph of M . Now let M be a quasitoric manifold over the polytope P . Let Γ P be the graph which consists of the edges and vertices of P . Then we have Γ M = Γ P . Theorem 4.1. Let M be a quasitoric manifold. Then M is determined up to equivariant homeomorphism by (Γ M , α).
Proof. At first we introduce some notation. For a Lie-group G we denote its identity component of by G 0 . By [1, p. 287,296 ] the combinatorial type of P is uniquely determined by Γ M . So we have to show that the function λ is determined by α.
Let F be a facet of P then we define is at least one-dimensional. This contradicts with the effectiveness of the torusaction on M .
